The existence of the best proximity point for the proximal nonexpansive mapping on starshaped sets is studied. Our results are established without the assumptions of continuity, affinity or the P-property. Finally, as applications of the theorems, analogs for the nonexpansive mappings are also given.
There are two proximity point theorems for the proximal nonexpansive mapping, proved in [] .
The first theorem is as follows.
Theorem . [] Let (A, B) be a pair of nonempty, closed, and convex subsets of a Banach space X such that A is compact, B is bounded and A  is nonempty. Assume that T : A → B and g : A → A satisfy the following conditions: (a) T is continuous affine proximal nonexpansive. (b) T(A  ) is contained in B  . (c) g is an isometry. (d) A  is contained in g(A  ). Then there exists a unique element x
* ∈ A  such that gx * -Tx * = dist(A, B).
In this theorem, T is assumed to be continuous affine. To remove this assumption, the second theorem is given to replace it with another assumption: that the pair (A, B) has the P-property.
Theorem . [] Let (A, B) be a pair of nonempty, closed, and convex subsets of a Banach space X such that A is compact, Suppose that A  is nonempty and (A, B) has the P-property. Assume that T : A → B and g : A → A satisfy the following conditions: (a) T is a proximal nonexpansive. (b) T(A  ) is contained in B  . (c) g is an isometry. (d) A  is contained in g(A  ).

Then there exists a unique element x
In this paper we focus on the sufficient conditions to ensure the existence of the proximity point for the proximal nonexpansive mapping. In our results, sets are not necessarily to be convex or to satisfy the P-property, and the mapping is not necessarily to be continuous or to be affine. The two cases that the sets are compact or weakly compact are considered, respectively. Finally, as applications of the theorems, analogs for the nonexpansive mappings are also given.
Preliminaries
Unless otherwise specified, we assume throughout this section that A and B are nonempty subsets of a metric space (X, d). Further, we record in this section the following notations and notions that will be used in the subsequent sections:
Definition . [] Let (A, B) be a pair of nonempty subsets of a complete metric space (X, d). A mapping T : A → B is said to be a proximal contraction if there exists a nonnegative real number α <  such that, for all u  , u  ,
It is easy to observe that a proximal contraction for a self-mapping reduces to a contraction.
Definition . Let A be a nonempty subset of a normed space X. A mapping T : A → X is called nonexpansive if Tx -Ty ≤ x -y for all x, y ∈ A.
Definition . [] Let (A, B) be a pair of nonempty subsets of a metric space (X, d).
A mapping T : A → B is said to be proximal nonexpansive if
A nonempty subset A of a linear space X is called a p-starshaped set if there exists a point p ∈ A such that αp + ( -α)x ∈ A, ∀x ∈ A, α ∈ [, ], and p is called the center of A.
Each convex set C is a p-starshaped set for each p ∈ C. It is easy to see that in a normed space (X, · ), if A is a p-starshaped set and B is a qstarshaped set and p -q = dist(A, B), A  is a p-starshaped set, and B  is a q-starshaped set, respectively. If both of A and B are closed and A  is nonempty, A  is closed.
Definition . []
Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with A  = ∅. The pair (A, B) is said to have the P-property if for every x  , x  ∈ A  and every
By using the P-property, some best proximity point results were proved for various classes of non-self-mappings. But in [] the authors have shown that some recent results with the P-property concerning the existence of best proximity points can be obtained from the same results in fixed point theory. Notice that if (A, B) is a semi-sharp proximinal pair, the pair (B, A) may be not be.
It is easy to see that if (A, B) has the P-property, then both of (A, B) and (B, A) are semisharp proximinal pairs. Obviously a semi-sharp proximinal pair (A, B) is not necessarily to have the P-property.
Next let us introduce a new notion which is important in dealing with weak convergence. In the sequel, let us write ' ' to denote 'weak convergence' . Definition . Let A and B be two nonempty subsets of a Banach space X. The pair (A, B) is said to have the H-property if for any sequences {x n } ⊆ A and {y n } ⊆ B, x n x  ∈ A, y n y  ∈ B, and x n -y n → dist(A, B) imply that x n -y n → x  -y  .
Remark  In the definition, since x n -y n x  -y  and x n -y n → dist(A, B), it follows that
This implies that x  -y  = dist(A, B).
Recall that a Banach space X is said to have the H-property if for any sequence {x n } ⊂ X, x n x  , and x n → x  imply that x n → x  . Let X be a locally uniformly convex space, that is, given ε >  and an element x with x = , there exists δ(ε, x) >  such that
We have the following.
(i) Uniform convexity implies locally uniform convexity, and locally uniform convexity implies strict convexity. But a locally uniformly convex space is not necessarily a reflexive space. (ii) Locally uniform convexity is different from uniform convexity or strict convexity; see [] . (iii) X is a locally uniformly convex space if and only if
It is well known that if X is a locally uniformly convex space, X has the H-property. In fact, ∀x n , x ∈ X, if x n x and x n → x , let us show x n → x. Without loss of generality, we may assume that x n = x =  and show x n + x →  by use of (iii). It is easy to see that lim n→∞ sup x n + x ≤  since ∀n, x n + x ≤ x n + x = . We also have lim n→∞ sup x n + x ≥  since x n + x x and  = x ≤ lim n→∞ inf x n + x . Hence x n + x →  and thus x n → x. It is not difficult to see that if X has the H-property, for any sets A, B ⊂ X, the pair (A, B) satisfies the H-property.
Definition . []
A Banach space X satisfies the Opial condition for the weak topology if x n x ∈ X implies that lim n inf x n -x < lim n inf x n -y for all y = x.
All Hilbert spaces, all finite dimensional Banach spaces, and l p ( < p < ∞) have the Opial property.
Definition . A mapping T :
A → X is called demiclosed if for any sequence {x n } ⊆ A which converges weakly to x  ∈ A, the strong convergence of the sequence {Tx n } to y  in X implies that Tx  = y  .
It can be shown that in a Banach space X with the Opial property, (I -T) must be demiclosed if T is a nonexpansive mapping (see Lemma  in []). 
Definition . [] Let
If dist(A, B) = , the proximal property reduces to the usual demiclosedness property of I -T at .
Proximity point for the proximal nonexpansive
First let us prove the following lemma, which plays an important role in our main results.
Lemma . Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X, d) and A  be nonempty. Assume that T : A → B satisfies the following conditions:
(a) T is a proximal contraction;
Proof Since A  is nonempty and
Continuing this process, we obtain a sequence {x n } ⊆ A  such that
Next, let us show {x n } is a Cauchy sequence and its limit just is the unique best proximity point of T.
As T is a proximal contraction and, for all n ∈ N ,
Further, for all p ∈ N ,
Therefore, {x n } is a Cauchy sequence and converges to some x * in A  since A  is closed.
With use of the assumption T(A  ) ⊆ B  again, Tx * ∈ B  . Then there exists an element
As we know, for all n ∈ N ,
Hence for all n ∈ N ,
Suppose that there is another element x * * such that
Since T is a proximal contraction, we have
which implies that x * and x * * are identical.
Let T satisfy (a) and (b) in the above lemma and g : A → A be an isometry satisfying 
Next, let us show that for each k, all x  , x  , u  , u  ∈ A  assumed as follows:
that is, for each k, T k is a proximal contraction with α =  -
since T is a proximal nonexpansive mapping. Now write
And thus
By the same method we also have u  = u  . Therefore,
So, for each k, T k is a proximal contraction. Invoking Lemma ., for each k ≥ , there exists a unique u k ∈ A  such that
Since A  is compact and {u k } ⊆ A  , without loss of generality, we may assume that u k is a convergent sequence and u k → x * ∈ A  .
Next, let us show x * is the proximity point of T to finish the proof.
By the following equalities:
we deduce that
Since (A  , B  ) is a semi-sharp proximinal pair and
So {v k } is also a convergent sequence and
Note that Tx * ∈ B  , there must exist u ∈ A  such that
As we know,
and T is a proximal nonexpansive mapping, therefore
This implies u = lim k→∞ v k = x * and then we deduce that
The proof is finished.
The following theorem is the equivalent of Theorem .; we omit the proof.
Theorem . Let (A, B) be a pair of nonempty, closed subsets of a Banach space X such that A is a p-starshaped set, B is a q-starshaped set, and p -q = dist(A, B). Suppose A is compact, and (A, B) is a semi-sharp proximinal pair. Assume that T : A → B and g : A → A satisfy the following conditions:
In Theorem ., T is not necessarily continuous affine, (A, B) does not have the Pproperty and each of A and B is not necessarily convex.
It is easy to see that Theorem . is the corollary of Theorem .. Now let us begin to consider the case that the sets are weakly compact. 
Lemma . Let (A, B) be a pair of nonempty, closed subsets of a Banach space X such that A is a p-starshaped set, B is a q-starshaped set, and p -q = dist(A, B). Let T : A → B be a proximal nonexpansive and T(A
In the same way as the proof of Theorem ., for each k ≥ , there exists a unique u k ∈ A  such that
Note that for each k ≥ ,
By the assumption that A  is weakly compact, it follows that A  is bounded and this implies that B  is also bounded. So there exists a constant M such that q -
Since A  is weakly compact, without loss of generality, we may assume that u k
Therefore, we have
If T satisfies the proximal property, since u k x * ∈ A  and u k -Tu k → dist(A, B) we also have
Let us present the second main result in this section. 
Theorem . Let (A, B) be a pair of nonempty, closed subsets of a Banach space X such that A is a p-starshaped set, B is a q-starshaped set and p -q = dist(A, B). Let T : A → B be a proximal nonexpansive and T(A
. So T satisfies the proximal property.
Recall that a locally uniformly convex Banach space X must be strictly convex and have the H-property, then each convex subset pair (A, B) is a semi-sharp proximinal pair and (A  , B  ) satisfies the H-property. So we have the following corollary.
Corollary . Let (A, B) be a pair of nonempty, closed, and convex subsets of a locally uniformly convex Banach space X and A  = ∅. Suppose that T : A → B is a proximal nonexpansive and T(A  ) ⊆ B  . Then T has at least one best proximity point in A provided that (A  , B  ) is a weakly compact pair and (I -T) is demiclosed.
Recently a new notion of the proximal generalized nonexpansive mapping was introduced in [] , and a few results about the proximity point for this class of mappings are given. For more information, see [] .
Let us end this section by an example.
Define T : A → B as follows:
We have the following assertions. 
Proximity point for nonexpansive mapping
In this section, as applications of Theorem ., Lemma ., and Theorem ., three results to ensure the existence of the best proximity for the nonexpansive mapping are given.
In We can find that the 'P-property' appears in both of Theorems . and Theorem .. Next, let us show that this assumption can be replaced by the so-called 'weak P-property' . Besides, in both of the theorems, the pair (A, B) can be assumed only as a starshaped pair instead of a convex pair. That is, T is a proximal nonexpansive mapping. As consequences of Theorem ., Lemma ., and Theorem ., we have the following theorems. 
